It is shown how the forward-backward ͑FB͒ approximation to the semiclassical initial value representation ͑IVR͒ can be used to calculate the probability ͑or cross section͒ for molecular energy transfer. Specifically, the probability P(⌬E A ) for a molecule A to gain ͑or lose͒ an amount of internal energy ⌬E A by collision with a bath molecule B is given by the Fourier transform of a time correlation function C(t), which is in turn given by a single phase space average over the initial conditions of classical trajectories of the AϩB collision system. Application to energy transfer of H 2 by collision with He is carried out to demonstrate that the FB-IVR provides a good description of quantum effects in P(⌬E A ).
I. INTRODUCTION
Molecular energy transfer ͑i.e., inelastic scattering͒ is a critical component of many processes in chemical kinetics. In the Lindemann model of unimolecular decomposition ͑or recombination͒, for example, 1, 2 it is the energy transfer step,
that excites molecule A ͑via collision with bath molecules B) to a metastable state that undergoes decomposition ͑or deexcites a metastable state to a stable one after recombination͒. In most applications one is not interested in the detailed state-to-state inelastic scattering probability ͑or cross section͒, but rather the average probability ͑or cross section͒ for molecule A to transfer a given amount of internal energy per collision, P(⌬E A 
͑1.2b͒
and although experiments 3 have shown that these assumptions are often qualitatively reasonable, there can be significant departures. ͑We also note an interesting debate 4, 5 about the existence and significance of a long tail to the energy transfer probability, so-called super collisions.͒ There has also been important work recently in more rigorous theoretical calculation of energy transfer probabilities, using both classical trajectory and quantum mechanical approaches. [6] [7] [8] [9] In this paper we show how the recently introduced forward-backward ͑FB͒ version [10] [11] [12] [13] of the semiclassical ͑SC͒ initial value representation ͑IVR͒ can be used to calculate the energy transfer probability ͑or cross section͒. Specifically, the energy transfer probability ͑or cross section͒ is expressed as the Fourier transform of a time correlation function,
where C i (t) is given by a single phase space average over the initial conditions of the AϩB collision system. One should note earlier work by Micha and co-workers [14] [15] [16] [17] [18] [19] [20] [21] and by Heller and co-workers 22-24 using time correlation functions to describe inelastic scattering. The present work is closest in spirit to that of Heller, Reimers, and Drolshagen 22 on neutron scattering, although the quantities involved are clearly different, and these authors used the frozen Gaussian approximation to semiclassical theory.
The semiclassical ͑SC͒ initial value representation ͑IVR͒ that we presently adapt to molecular energy transfer was first developed and applied in action angle variables, 25, 26 and has recently been the focus of renewed interest as a method for including quantum mechanical effects in molecular dynamics. [10] [11] [12] Recently the SC-IVR has been extended and applied in novel ways with the aim of making large scale quantum molecular dynamics simulations more practical. Among the new IVR approaches are the Herman-Kluk 32, 33 ͑HK͒, linearized semiclassical 47, 50 ͑LSC͒, and forward-backward 10-13 ͑FB͒ IVRs. Given the recently developed variations on the IVR approach, it is useful to determine which and to what extent these approximations preserve important quantum mechanical effects such as tunneling and coherence. Comparison with state specific quantum mechanical results provides a particularly rigorous test of these semiclassical methods.
In earlier work 48 we showed that state-to-state energy transfer in the Secrest-Johnson ͑SJ͒ model of inelastic scattering is accurately described by the full SC-IVR , while the LSC-IVR gives only a qualitative description of the quantum interference. The purpose of this paper is to examine the FB-IVR treatment of molecular energy transfer. In Sec. II we present background on the FB-IVR approach. Section III details the results obtained here, and conclusions and a summary are presented in Sec. IV.
II. THEORETICAL DEVELOPMENT
The application below uses the Herman-Kluk, or coherent state version of the SC-IVR, which expresses a quantum time evolution operator as,
͑2.1͒
where (p 0 ,q 0 ) are initial conditions of the coordinates and momenta for classical trajectories. p t (p 0 ,q 0 ;t), q t (p 0 ,q 0 ;t) are the momenta and coordinates at time t that evolve from these initial conditions, and S t is the classical action integral along the trajectory. The prefactor C t involves the monodromy matrix elements,
͑2.2͒
The bra and ket states in Eq. ͑2.1͒ are coherent states, the coordinate space wave functions of which are of the form
and F is the number of degrees of freedom of the molecular system.
A. Probability distribution of molecular energy transfer
We consider the inelastic bimolecular collision of molecule A with ͑bath͒ molecule B,
which is governed by a total Hamiltonian of the form,
where ĥ A (ĥ B ) is the Hamiltonian for molecule A(B), and P is the 3D momentum operator for relative translation of A and B. The classical momenta and coordinates for molecule A, molecule B and their relative translation are (p A ,q A ), (p B ,q B ), (P,R), respectively, and pϵ(p A ,p B ,P), q ϵ(q A ,q B ,R) denote all the F coordinates and momenta. The interaction potential V (q) involves all the coordinates and is thus responsible for the collisional energy transfer.
The initial wave function ͑at time tϭ0) corresponding to Eq. ͑2.4͒ is
where i (q A ) and j (q B ) are eigenfunctions of ĥ A and ĥ B ,
and the translational wave function is a coherent state ͓cf. Eq. ͑2.3͔͒ with ͉R i ͉ large enough that A and B are noninteracting. The time-evolved wave function is given by
so that the probability for molecule A to experience an energy transfer of ⌬E A ϭE i Ј A ϪE i A is given by
The long time, t→ϱ, entails a complete AϩB collision, and Eq. ͑2.9͒ also includes a Boltzmann average over initial states of the bath molecule B, Q B being its partition function,
By using the Fourier representation of the delta function in Eq. ͑2.9͒,
one obtains P i (⌬E A ) as the Fourier transformation of a time correlation function
where the correlation function is
and the facts have been used that ͉ i ͘ and ͉ j ͘ are eigenstates of ĥ A and ĥ B , respectively ͓cf., Eq. ͑2.7a͔͒. At this point the forward-backward version of the SC-IVR is used for the product of time evolution operators in Eq. ͑2.12b͒; they are all combined into one semiclassical step, given by the IVR of Eq. ͑2.1͒,
͑2.13͒
The classical trajectory involved in the RHS of Eq. ͑2.13͒ 
The coordinates and momenta are all continuous at the various break times; only the Hamiltonian is changed. The classical action S 0 and the prefactor C 0 are given by
Since the coherent states in Eq. ͑2.13͒ have a direct product form, e.g.,
and similarly for ͉p 0 Ј ,q 0 Ј͘, the time correlation function of Eq. ͑2.12b͒ becomes
with the limit t large. Eq.͑2.17͒ is the basic theoretical result of this paper. It gives the correlation function ͓and the energy transfer probability via its Fourier transform, Eq.͑2.12a͔͒ as a single phase space average over the initial conditions of classical trajectories that run forward and then backward as indicated via Eq. ͑2.14͒. A significant advantage of the FB-IVR, beyond the reduction of the number of phase space integrals, is that the forward and backward contributions to S 0 in Eq.͑2.15a͒ should approximately cancel one another for small t and for molecular degrees of freedom which are weakly coupled. This cancellation leads to a less oscillatory integrand. It would be most natural to evaluate this phase space average via Monte Carlo, with a sampling function corresponding to the tϭ0 value of this integrand; since (p 0 Ј ,q 0 Ј)ϭ(p 0 ,q 0 ) for tϭ0-i.e., the backwards trajectory of Eq. ͑2.14͒ exactly re-traces the forward trajectory -this Monte Carlo sampling function is
which is recognized as the Husimi distribution 53 for the initial state and is therefore a most reasonable choice. Also, in many cases one expects only short values of the time t to be necessary to obtain P i (⌬E A ); e.g., if the energy transfer probability were of the Gaussian form as in Eq. ͑1.2b͒, then the correlation function would also be Gaussian,
͑2.19͒
In three dimensional collision systems one is actually interested in the cross section, which can be obtained from the probability P i (⌬E A ) in the usual way. One can without restriction choose the translational momentum vector P i as the z axis:
and then parametrize the initial translational coordinate via an impact parameter b, and azimuthal angle
where R max is a value large enough for A and B to be noninteracting. The cross section for molecular energy transfer ⌬E A is then given by the angle and impact parameter average of the probability
͓The average can be carried out on the correlation function C i (t) itself, so that i (⌬E A ) is then given by the Fourier transform of this impact parameter averaged time correlation function.͔ If one furthermore averages over a Boltzmann distribution of translational energies, one obtains a rate constant for energy transfer,
͑2.22͒
where E t ϭ P i 2 /2. Finally, we note the simplifications that occur if the bath gas B is atomic, i.e., has no internal degrees of freedom. The coordinates (p B ,q B ) do not enter, the Hamiltonian ĥ B →0, and the factors in Eq.͑2.17͒ involving these degrees of freedom become unity, i.e.,
Q B
Ϫ1 ͗p 0
͑2.23͒
B. Translation energy distribution
In some applications one may be more interested in the energy gained ͑or lost͒ from the translational degrees of freedom than from the internal degrees of freedom of molecule A. This is most common if molecule A is an atom; the bath species B may be a molecule or even a more complex substrate, e.g., a solid or surface or a molecular cluster. In this case one is interested in the probability distribution of the translational energy after atom A collides with the molecule ͑or substrate͒ B, and the appropriate modification of Eq.͑2.9͒ is
Here the initial state is
͑2.25͒
since atom A has no internal degrees of freedom. Proceeding in a similar manner as from Eq. ͑2.9͒ to Eq. ͑2.17͒ gives an analogous result,
with the correlation function given by
͑2.26b͒
Here the forward-backward trajectory is that indicated schematically by
i.e., in the t→ tϩt and t→0 time intervals the propagation is generated by the Hamiltonian P 2 /2 , i.e., free particle evolution of the translation degree of freedom with the internal degrees of freedom of B frozen. The full Hamiltonian H governs the trajectory during the time intervals 0→ t and t ϩt→t. The forward-backward action integral is thus given by
͑2.28͒
and the prefactor C 0 (p 0 ,q 0 ) has the same form as before.
III. APPLICATION TO H 2 ؉H e
We apply the formalism developed above to the wellstudied Secrest-Johnson 54 model of vibrationally inelastic scattering. The Hamiltonian for the collision system is
where (p,q) and ( P,R) are the vibrational and translational, respectively. The internal Hamiltonian and interaction potential are
and h B ϭ0 since He has no internal degrees of freedom. In the reduced units used by Secrest and Johnson, mϭ1, ϭ1,␣ϭ0.3, and ϭ2/3 for the HeϩH 2 system. Written in this way, we are considering the molecular system H 2 ͑mol-ecule A in the preceding section͒ to exchange energy via collision with the Helium bath system ͑molecule B). The initial state of the total system is
͑3.3b͒
We calculate the energy transfer distribution P i (⌬E A ) for a fixed total energy. This microcanonical calculation, as opposed to the thermal formalism developed in the preceding section, allows us to compare our results to previous SC-IVR and quantum state-resolved work. The extension to a Boltzmann distribution of kinetic energies ͓cf. Eq. ͑2.17͔͒ is straightforward. For fixed total energy, E, the energy transfer distribution P i (⌬E A ) is given by
where the correlation function is given by Eq.͑2.17͒ ͑with ĥ B ϵ0),
͑3.5͒
The total energy Eϭ P i 2 /2ϩ(v i ϩ1/2)ប is well defined if the initial coherent state ͉P i ,R i ͘ is sufficiently broad that it approximates a plane wave. We choose ␥ R ϭ0.2 and R i ϭ80 to ensure that this is so ͓͗(⌬ P i ) 2 ͘ϭ0.1͔. ␥ q is chosen to be the natural width for the oscillator coordinate m/ប. The phase space average over initial conditions is evaluated by Monte Carlo using the Sobol deterministic space filling sequence. 55 (p 0 Ј ,q 0 Ј , P 0 Ј ,R 0 Ј) are the final coordinates and momenta resulting from the forward-backward trajectory indicated by Eq. ͑2.14͒, and the monodromy matrix elements necessary for construction of the prefacter C 0 (p 0 ,q 0 ) ͓cf. Eq. ͑2.2͔͒ were computed by integration of the auxiliary equations of motion as usual. Figure 1 shows the time correlation function given by the FB-IVR procedure, i.e., Eq.͑3.5͒, and also the exact quantum ͑QM͒ result, 
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IV. RESULTS AND DISCUSSION
C i
where ͕P v j ,v i ͖ are the QM transition probabilities for the v i →v j inelastic transition. The correlation functions show much more structure than the simple behavior suggested in Eq.͑2.19͒, this being due to the widely spaced vibrational energy levels of H 2 ͑molecule A in this example͒. The vibrational levels in a highly excited polyatomic molecule will typically form a near continuum and thus considerably quench this pronounced oscillatory structure. The present example is thus a severe test of the extent to which the FB-IVR model can describe quantum coherence effects in molecular energy transfer.
There is reasonable agreement between the FB-IVR and QM correlation functions in Fig. 1 , but the more important comparison is their Fourier transforms, i.e., P i (⌬E A ). Figure  2 shows the FB-IVR result for P i (⌬E A ) for several initial states and total energies, and the exact QM result is given by
͑4.2͒
The peaks in Fig. 2 have finite width because of the finite energy spread in the initial translational coherent state ͉P i ,R i ͘ and also because of the finite time used in computing the Fourier transform of C i (t). Here, too, the quantized structure of the H 2 vibrational states dominates the picture; for a polyatomic molecule A one would have a dense set of peaks ͑essentially overlapping͒ and thus expect to see results for P i (⌬E A ) closer to the qualitative form of Eq.͑1.2͒. Again, this highly quantized nature of the H 2 vibrational states provides a good test of how well the FB-IVR approach can describe such quantum effects.
The most definite comparison of the FB-IVR and QM results is achieved by integrating to obtain the area under the peaks in Fig. 2 and identifying these with the individual quantum transition probabilities ͕P v j ,v i ͖. This comparison is shown in Fig. 3 . The oscillatory structure in ͕P v j ,v i ͖ versus v j -i.e., the product state distribution-is well understood from the earlier classical S-matrix treatment 25 of this system as arising from the interference of two classical trajectories that emerge from the stationary phase approximation to the IVR integral over initial conditions. Our previous IVR study of this system has shown 48 that the full HK-IVR treatment accurately describes this interference structure. Here we see that the FB-IVR approach also gives reasonably good results, though somewhat less accurate than the full HK-IVR treatment.
We also carried out the calculation of P i (⌬E A ) treating the He atom as the molecular system and H 2 as the substrate, i.e., using the formulation in Sec. II B. The results are essentially the same as the above FB-IVR, although it is more efficient to treat H 2 as the molecular system since it requires shorter trajectories.
The Monte Carlo evaluation of Eq.͑3.5͒ for a particular value of t requires a rather modest 5000 trajectories for convergence. However, the present method requires a distinct trajectory for each time point in the correlation function, so the overall computational effort is comparable to a full HK-IVR calculation. For larger systems with more modes for energy transfer we expect the correlation function to die off more rapidly and the spectrum to be broadened more than in the present highly coherent example. For systems which less oscillatory correlation functions we expect the FB-IVR to be even more efficient.
V. CONCLUDING REMARKS
The purpose of this paper has been to show how the forward-backward version of the semiclassical IVR can be used to obtain molecular energy transfer probabilities, and to provide a numerical test to see how well it can describe the quantum effects therein. We find that the FB-IVR gives reasonably accurate results for the Secrest-Johson model of inelastic scattering. For larger molecular systems it should be even more efficient ͑compared to a full state-to-state calculation͒ since the high vibrational state density should cause the time correlation function to decay more rapidly.
In some applications involving large molecules A one is interested not in the dependence of the energy transfer probability on the individual initial state of molecule A, but rather only its dependence on the initial internal energy of molecule A. If E denotes the initial internal energy of molecule A, and EЈ its final internal energy ͑i.e., ⌬E A ϭEЈϪE), then this quantity-usually denoted P(EЈ←E)-is given by averaging P i ( with t large. The FB-IVR treatment of this two-dimensional correlation function leads to trajectories which evolve via the following forward and backward steps:
͑5.5͒
The FB-IVR evaluation of Eq.͑5.4͒ involves only coherent state overlaps and thus the energy eigenstates of A need not be calculated. Additionally, we expect the practical benefit that for small energy transfers, EЈϪE, C(tЈ,t) should be small except for tӍtЈ. In future work we plan to examine this approach in more depth.
